Abstract. We determine all natural transformations of the rth order cotangent bundle functor T r * into T s * in the following cases: r = s, r < s, r > s. We deduce that all natural transformations of T r * into itself form an r-parameter family linearly generated by the pth power transformations with p = 1, . . . , r.
Using general methods developed in [2] [3] [4] [5] , we deduce that all natural transformations of the rth order cotangent bundle functor T r * into itself form an r-parameter family generated by the pth power transformations A r,r p with p = 1, . . . , r.
Then we deduce that all natural transformations of T r * into T (r+q) * form an r-parameter family generated by the generalized pth power transformations A r,r+q p with p = q + 1, . . . , q + r. Moreover, we deduce that all natural transformations of T r * into T (r−q) * form an (r − q)-parameter family generated by the generalized pth power transformations A r,r−q p with p = 1, . . . , r − q.
The author is grateful to Professor I. Kolář for suggesting the problem and for valuable remarks and useful discussions.
1. Let M be a smooth n-dimensional manifold. Let T r * M = J r (M, R) 0 be the space of all r-jets j r x f of smooth functions f : M → R with source at x ∈ M and target at 0 ∈ R. The fibre bundle π M : T r * M → M with source r-jet projection π M : j r x f → x has a canonical structure of a vector bundle with
The vector bundle π M : T r * M → M is called the r-th cotangent bundle over M .
Every local diffeomorphism ϕ : M → N is extended to a vector bundle morphism T r * ϕ :
, where ϕ −1 is locally defined. Hence, the rth cotangent bundle functor T r * is defined on the category Mf n of smooth n-dimensional manifolds with local diffeomorphisms as morphisms and has values in the category VB of vector bundles.
If (x i ) are local coordinates on M , then we have the induced fibre coordinates (u i , u i 1 i 2 , . . . , u i 1 ...i r ) on T r * M (symmetric in all indices):
, . . . ,
.
Since the functor T r * takes values in the category VB of vector bundles, we may define natural transformations A r,r p of T r * into itself for p = 1, . . . , r.
Definition 1. The natural transformation A r,r p of the rth cotangent bundle functor T r * into itself defined by
where (f ) p denotes the pth power of f , is called the p-th power transformation.
is called the generalized p-th power transformation.
We note that in the case s = r + q this definition is correct only for p = q + 1, . . . , q + r. 2. In this part we determine, by induction on r, all natural transformations of T r * into itself.
with any real parameters k 1 , k 2 , . . . , k r ∈ R.
P r o o f. The functor T r * is defined on the category Mf n of n-dimensional smooth manifolds with local diffeomorphisms as morphisms and is of order r. Thus, its standard fibre S = (T r * R n ) 0 is a G r n -space, where G r n is the group of all invertible r-jets from R n into R n with source and target at 0.
According to general standard methods [2] [3] [4] [5] , the natural transformations A : T r * → T r * are in bijection with the G r n -equivariant maps f r,r : (T r * R n ) 0 → (T r * R n ) 0 of the standard fibres. Let a = a −1 denote the inverse element in G r n and let
denote the symmetrization of a tensor with components t i 1 ...i r . By (1.2) the action of an element (a
I. Consider the case r = 2. The equivariance of a G 2 n -equivariant map f 2,2 = (f i , f ij ) of (T 2 * R n ) 0 into itself with respect to homotheties in G 
By the homogeneous function theorem [2] [3] [4] [5] , we deduce that, first, the f i are linear in u i and independent of u ij , and secondly, the f ij are linear in u ij and quadratic in u i . Using the invariant tensor theorem for G 
with any real parameters k 1 , k 2 , k 3 ∈ R.
J. Kurek
The equivariance of f 2,2 of the form (2.5) with respect to the kernel of the projection G with any real parameters k 1 , . . . , k r−1 ∈ R.
Our aim is to obtain the general form of any G r n -equivariant map of (T r * R n ) 0 into itself. Let (u 1 , u 2 , . . . , u r ) := (u i 1 , u i 1 i 2 , . . . , u i 1 ...i r ) denote the fibre coordinates on T r * M . We assume that a G 
By the homogeneous function theorem [2] [3] [4] [5] , f r is of the general form
with any real parameters h 1 , h 2,1 , h 2,2 , . . . , h r−1 , h r ∈ R. The equivariance of f r,r with respect to the kernel of the projection G arbitrary, we obtain (2.10) is defined by the rth power transformation with any real parameter h r ∈ R.
If we put h r = k r , this proves our theorem.
3. In this part we determine all natural transformations T r * → T s * in two cases: r < s and r > s. 
. . , u r ) = f r (ku 1 , k 2 u 2 , . . . , k r u r ), k r+1 f r+1 (u 1 , u 2 , . . . , u r ) = f r+1 (ku 1 , k 2 u 2 , . . . , k r u r ).
Additionally, using the equivariance of f r,r = (f 1 , . . . , f r ) with respect to the kernel of the projection G Moreover, by the homogeneous function theorem and the invariant tensor theorem [2] [3] [4] [5] , we deduce that the (r+1)th component f r+1 is of the general form f i 1 ...i r+1 = l r+1 u i 1 u i 2 . . . u i r+1 + l r u (i 1 . . . u i r−1 u i r i r+1) (3.3) + . . . + l 2,1 u (i 1 u i 2 ...i r+1 ) + l 2,2 u (i 1 i 2 u i 3 ...i r+1 ) + . . . with any real parameters l 2,1 , l 2,2 , . . . , l r , l r+1 ∈ R.
